Potential functional approximations are an intriguing alternative to density functional approximations. The potential functional that is dual to the Lieb density functional is defined and properties given. The relationship between Thomas-Fermi theory as a density functional and as a potential functional is derived. The properties of several recent semiclassical potential functionals are explored, especially in their approach to the large particle number and classical continuum limits. The lack of ambiguity in the energy density of potential functional approximations is demonstrated. The density-density response function of the semiclassical approximation is calculated and shown to violate a key symmetry condition.
Potential functional approximations are an intriguing alternative to density functional approximations. The potential functional that is dual to the Lieb density functional is defined and properties given. The relationship between Thomas-Fermi theory as a density functional and as a potential functional is derived. The properties of several recent semiclassical potential functionals are explored, especially in their approach to the large particle number and classical continuum limits. The lack of ambiguity in the energy density of potential functional approximations is demonstrated. The density-density response function of the semiclassical approximation is calculated and shown to violate a key symmetry condition.
I. INTRODUCTION AND SUMMARY OF RESULTS
Kohn-Sham (KS) density functional theory [1] (DFT) has been an useful approach for dealing with electronic structure problems, with more than 10,000 papers per year being currently published. The only approximation needed (in the non-relativistic Born-Oppenheimer limit) is to the elusive exchange-correlation (XC) energy as a functional of the (spin)-densities. While tremendous progress has been made in constructing clever approximations [2] [3] [4] [5] over the last half century, such approximations are generally unreliable, unsystematic, and do not produce error estimates. [6] An alternative approach, and one that fits far better with traditional approaches to quantum mechanics, is to consider the electronic-structure problem as a functional of the one-body potential [7] rather than of the one-body density. However, useful approximations beyond the local approximation [1, 8, 9] are far more subtle and complex to construct, so almost no research has been done in this area, at either the formal or the practical level. Notable exceptions are the pioneering work of Yang, Ayers, and Wu, [10] which first pointed out the duality of density and potential functionals. Thus they produced a deeper understanding of the optimized effective potential. More recently, Gross and Proetto [11] emphasized the relevance of the variational principle to PFT. Our own recent work [12] is focussed on the fundamentals of approximate PFT, and was motivated by recent semiclassical potential functional approximations (PFAs) for simple model systems. [13, 14] In the present work, we explain in detail the differences between potential and density functionals, show that certain well-known difficulties of DFT are avoided, and demonstrate the accuracy achievable in PFT calculations (but only for a model system, for which accurate PFAs have been derived [13, 14] ). First we give a detailed account on the exact theory and compare it with DFT. In PFT, just as in quantum mechanics, we work within a Hilbert space with a well-defined ground-state wave function and energy a priori and therefore avoid the notoriously subtle issue of density-potential mapping that is required in DFT. Another difference with DFT is that, in PFT, there are two distinct ways of obtaining the total energy of an interacting system; via a direct evaluation of the functional approximations or variationally, through a minimization over trial potentials. We present a previously derived [12] expression for the universal potential functional that yields the total energy at the variational minimum (without having to do an actual minimization), if a key symmetry condition on the density-density response function is fulfilled.
Lieb [15, 16] extended the domain of the universal functional given in the original work of Hohenberg and Kohn [17] . The construction of the Lieb density functional involves a bifunctional of the density and potential. What is the analog in PFT? In Sec. II, we repeat this exercise in PFT to explicitly show that the naive expression for the universal potential functional suffices.
In practice, our results for the interacting case are not yet useful for an actual numerical calculation, because they require knowledge of the interacting density as a functional of the external one-body potential. [11] But all our results apply to a noninteracting system in some external one-body potential. As a result we obtain an explicit expression for the noninteracting kinetic energy as a functional of the potential. This expression has the powerful feature that only the noninteracting density needs to be known as a functional of the external one-body potential to fully determine the noninteracting kinetic energy.
Conflating the results for the noninteracting case with the KS scheme for exchange and correlation allows us to solve the interacting many-body problem in a much more efficient way than in KS-DFT, because there is no need to resort to the KS orbitals. In fact, the KS potential becomes a functional of the external one-body potential and is determined via an alternative self-consistent cycle depicted in Sec. III. In principle, all this is exact; a practical realization requires nothing but a sufficiently accurate approximation to the noninteracting density as a functional of the external one-body potential.
To illustrate how all this works and contrast it with DFT, in Sec. IV, we reconstruct the simplest approximation, Thomas-Fermi (TF) theory. We show how it can be constructed in either the potential functional or density functional formalism. The logic and derivations are completely different, but the final equations are the same. Thus TF theory can be seen as the forerunner of exact PFT just as easily as of exact DFT.
The early attempts of density functional construction for the kinetic [18] and the exchange [19] energy begin with the local approximation and improve upon it via a gradient expansion. [1, 17] However, those approximations fail for localized systems, such as atoms, molecules, or even some bulk solids. This is due to the presence of evanescent regions that are separated by turning point surfaces, i.e., where the Fermi energy cuts the potential energy surface. In an earlier account [13] we explain how this failure can be understood by considering the expansion of the total energy in the large-N limit, where N denotes the number of particles. This analysis also explains why generalized gradient approximations were introduced eventually. Furthermore, our analysis suggests that PFAs provide a systematic approach to functional construction. The expansion of the total energy of neutral atoms with respect to the atomic number [20, 21] is probably the most prominent example of such expansions. Considering how accurately the coefficients of such expansions are reproduced by an approximation also gives a measure for the accuracy of a given approximation: we call an approximation asymptotically exact to the p-th degree (AEp), if it yields the first p coefficients exactly. The zeroth-order coefficient is reproduced by a local approximation, i.e., TF theory. A powerful feature of such asymptotic expansions is that they yield very accurate results even for small N , if the first few coefficients are known.
PFAs beyond the simple TF approximation have been derived [13, 14] for a class of simple model systems in one dimension. In Sec. V we exemplify the accuracy of PFAs by calculating the expansion of the total energy in the large-N limit for a generic, smooth one-body potential. Another limit in which TF theory becomes exact is the classical continuum limit, which we introduced as a device to derive the leading corrections to the TF density approximation. [14] We also assess the accuracy of existing PFAs in the classical continuum limit. In the course of this analysis we point out another difficulty of DFT that is not present in PFT. Functional construction in DFT is based on approximations to the XC energy. However this causes an intrinsic ambiguity in the energy density, because any term whose integral over space vanishes -such as ∆f (n(r)) -might be hidden in its definition [22] . This issue has been coined as the "gauge" ambiguity in energy densities for density functionals [23] [24] [25] . In PFT the energy densities are approximated directly. Therefore such an intrinsic ambiguity does not exist for potential functionals. Consequently, PFAs can be compared pointwise in space to evaluate their accuracy. To illustrate, we calculate bulk and surface energies for a simple case.
We contrast the direct and variational method of calculating the total energy in PFT for a simple model system in Sec. VI. We assess under which conditions the direct evaluation suffices and, thereby, examine the symmetry condition on the density-density response function for existing PFAs. The outcome of this analysis is a PFA to the density-density response function for noninteracting, spinless fermions in an arbitrary one-dimensional, smooth potential in a box.
In the appendix we show that the direct and variational evaluation of potential functional TF theory are equivalent. We also show what happens as box boundaries, needed in some formal constructions, are taken far away.
II. EXACT STATEMENTS
In this section, we compare and contrast PFT with DFT; this section deals with the exact theory.
II.1. Basic definitions
Begin with the variational principle in quantum mechanics by minimizing over N -particle wavefunctions Ψ that are antisymmetric, normalized, and have finite kinetic energy:
whereT is the kinetic energy operator,V ee the electronelectron repulsion, andV v an external one-body potential, explicitly denoting the potential as a subscript. The heart of DFT is the Hohenberg-Kohn (HK) theorem [17] which states, among other things, that the ground-state energy of an interacting electronic system can be found from
whereF [n] is a universal functional of the one-electron density n(r), because it is independent of v(r). (We use a tilde to denote density functionals.) A useful way to defineF [n] is via the constrained search procedure of Levy [15, 26] and Lieb: [16, 27] 
which follows from Eq. (1) by writing the minimization in a two-step procedure, where the search is performed over all Ψ yielding the density n(r). The original work [17] was limited to non-degenerate ground states and assumed that most reasonable densities would be ground-state densities of some interacting electronic problem. The constrained search approach is a natural way around these difficulties.
But consider instead[10]
where Ψ[v] is the ground-state wavefunction of potential v(r). Clearly, Ψ is independent of any constant in the potential, and all potential functionals are functions of the particle number N (for ease of notation, we do not denote this explicitly). We define it only for those potentials on which we wish to do quantum mechanics; a practical choice is the Hilbert space L 3/2 +L ∞ , where we have a well-defined ground-state wavefunction and energy [28] . If, in addition, we denote the ground-state density as a functional of the potential, n[v](r), and the dual density functional,ṽ[n](r), theñ
In PFT, we can evaluate the ground-state energy directly:
Or, we can derive a variational principle in PFT by minimizing the expectation value of the total energy over trial potentials v ′ :
With the universal potential functional [10] defined in Eq. (4), we obtain
where in the exact case the minimizing trial potential is the true external potential v(r). Because the righthand functional is minimized, stationarity requires the functional derivative vanish, i.e.,
where χ(r, r
is the density-density response function. This is an important exact relation between F [v] and n[v](r). Unfortunately, the relation is between functional derivatives, not the functionals themselves.
However, we can functionally integrate in several ways. The simplest is to use a coupling constant in the one-body potential:
where 0 ≤ λ ≤ 1, and v 0 (r) is some reference potential.
Employing the integral form of the Hellmann-Feynman theorem, we obtain
where ∆v(r) = v(r) − v 0 (r) is the difference of the true and the reference potential. Choosing a constant reference potential, here v 0 (r) = 0, the universal functional becomes
wheren(r) = (9) will prove useful. We take the functional derivative of Eq. (12) with respect to the potential v(r). This yields
which satisfies Eq. (9) if, and only if,
This condition is true in turn [12] , if and only if, the density-density response function is symmetric under exchange of coordinates:
which is an important condition on n[v](r) and is satisfied by the exact density-density response function, by virtue of it being a second derivative of the ground-state energy.
II.2. The dual of the Lieb functional
A more general form of the universal density functional was constructed by Lieb, [16] using the Legendre transform of the energy. Its domain was extended to include any non-negative densities that integrate to a given particle number, and is a bifunctional of a potential and a density. This bifunctional is not used in PFT and in fact, the entire procedure is unnecessary in PFT, because a detour via a density-potential mapping is unneeded. However, we show here its dual in PFT, to illustrate the differences between potential and density functionals, and to make clear the distinction with the Lieb construction.
Lieb begins by defining a bifunctional of any pair n and v:
Lieb's density functional is then defined as: [16, 29] 
How is this related to the potential functional definition of the universal functional? Define the PFT dual of L[n, v]:
whereṽ[n](r) denotes the ground-state potential as a functional of n(r). Starting from the variational principle, we find
leading to
because in the exact theory
. This is the complement to Lieb's definition of the universal density functional in the context of PFT, but the much simpler definition of Eq. (4) suffices. To summarize this introduction to the exact theory, we illustrate the relation between DFT and PFT in Fig. 1 . On the left we depict how the ground-state energy for the potential v is determined in DFT viaF [n] by minimizing over trial densities. In PFT, on the other hand, the ground-state energy is found either directly with the given functionals F 
II.3. Noninteracting systems
Consider a system of fermions in some external potential v(r) which do not interact with one another. We use a subscript s to denote quantities and functionals for such a system, and F [v] reduces to T S [v] . The variational principle simplifies to:
and the coupling-constant expression is:
The consquence of Eq. (22) is that only the knowledge of the noninteracting density, n S [v] , is required to determine the noninteracting kinetic energy T S . An alternative expression is given in terms of the virial theorem for the noninteracting kinetic energy: [30] 
where d is the dimensionality of space and t S (r) the kinetic energy density, such that T S = d 3 r t S (r).
II.4. Kohn-Sham scheme
Up to here we discussed the potential functional analog of HK-type density functional theory, where the knowledge of the density suffices to determine the total energy of either an interacting or noninteracting system by evaluation of the corresponding potential functionals, such as the universal functional and the functional for the noninteracting kinetic energy on the density.
But also the noninteracting case can be utilized to yield the total energy of an interacting system of electrons. This is achieved via the celebrated KS scheme. In what follows we describe how PFT could be employed in the KS construct. The interacting system is mapped onto a noninteracting system, requiring that both have the same density. This mapping is achieved by the KS potential,
mimicking all many-body interactions among the electrons in the usual KS-DFT sense via the Hartree and XC potentials:
With a potential functional to the noninteracting density n S [v S ](r), which is identical to the interacting density n(r) for the exact KS potential v S (r), Eq. (24) can be solved by standard iteration techniques, bypassing the need to solve the KS equations. The process of a KS-PFT calculation is illustrated in Fig. 2 . A given n S [v S ] removes the need for solving any differential equation in each iteration.
FIG. 2. (color online)
Self-consistent cycle in a PFT calculation within the KS scheme: In contrast to a KS calculation in DFT, here in PFT, there is no need to solve the KS equations. The iteration begins by guessing a KS potential and obtaining the initial density via n 
S ](r), which is needed to compute the KS potential of the next iteration. This process is continued until convergence is achieved.
At the end of this iterative process we determine the total energy of the interacting electronic system via
Both the Hartree and the XC contribution can be evaluated readily for a given n S [v S ](r). The only missing ingredient for evaluating Eq. (27) is the noninteracting kinetic energy. But we can use our result from the previous section. The noninteracting kinetic energy of the KS electrons is given via Eq. (22) , where in that expression the external potential v(r) becomes the KS potential v S (r), i.e.,
The knowledge of n S [v S ](r), which produces the corresponding v S (r) self-consistently, suffices to determine the noninteracting kinetic energy of the KS system.
III. APPROXIMATIONS
In practice, the HK-type of DFT requires an approximation to the universal functional,F A [n], where the superscript A denotes an approximation, such as that used in TF theory, as discussed in the next section. Via the variational principle we then obtain a relation that determines the density for a given v(r):
where the Lagrange multiplier µ is identical to the chemical potential. This yields an integro-differential equation in n(r) which is typically solved self-consistently, producing n A (r), whose details depend on the choice of approximationF A [n]. On the other hand, PFT works in a very different way. In the most general case, we have an approximation to the pair {n[v](r), F [v]}, to obtain the total energy of the many-body quantum system directly via Eq. (6); in the direct evaluation we need a PFA to both the density and the universal functional as a functional of the external one-body potential. This was the approach used in Refs. 13 and 14, but takes no advantage of the exact conditions derived in Ref. 12 . The semiclassical approach developed in those works [13, 14] yields more accurate densities than kinetic energies, due to the need to take two spatial derivatives to calculate a kinetic energy and furthermore, is much easier for densities than kinetic energies, because expansions need only be performed to a lower order. [14] To take advantage of the results of the previous section, we now discuss their logic when applied to approximate calculations. If a pair of approximations {F A , n A } satisfy Eq. (9) at v(r), then Eqs. (6) and (8) yield identical results. Then no minimization procedure is needed. But this is not guaranteed a priori in approximate PFT. Thus, there seem to be two obvious disadvantages of PFT. First, we need to approximate the density and the universal functional separately. Second, to take advantage of Eq. (8), we need to know whether a given pair
} satisfies the variational principle. The functional integration in terms of the couplingconstant [12] removes one of these problems. With a PFA to the density, n A [v](r), the conjugate approximation for the universal functional follows from Eq. (12) and reads
The important point to note is that only one approximation, namely n A [v](r) is required to uniquely determine an approximation to the universal functional. As a result, we obtain the reverse of the common procedure in DFT: In variational PFT we first specify which PFA we use for n A [v](r), which then determines the corresponding
But this does not automatically cure the second problem. An approximate pair constructed in this way does not automatically satisfy the variational principle. It is not even clear which method of calculation (direct, or using the variational principle) would yield a more accurate answer for a given PFA to the density. However, the previous section shows that a sufficient condition is the symmetry condition in Eq. (15) , that guarantees identical results, eliminating the need to perform the minimization.
The utility of this approach for calculations on interacting systems is probably limited in practice, for the same reason that TF theory is largely abandoned in favor of the KS scheme. Pure PFT requires a sufficiently accurate approximation to the density of interacting electrons as a functional of the external one-body potential, to produce approximate energetics that are accurate enough to bind molecules and generally compete for accuracy with KS calculations with present XC approximations.
A much more likely application of these results is for noninteracting electrons in a KS potential. All previous, general statements for the interacting case analogously apply to the noninteracting case. First recall the standard procedure in KS-DFT: The XC energy is approximated, and the KS equations are solved self-consistently. In KS-PFT, however, we additionally need a PFA to the noninteracting density, which is a less complicated object to approximate than its interacting counterpart. Then the self-consistent cycle, shown in Fig. 2 , is solved; any exisiting approximation to the XC energy can be employed in Eq. (24) . The total energy of the many-body quantum system is finally extracted from Eq. (27) , where the noninteracting kinetic energy of KS electrons is calculated via the conjugate approximation to Eq. (22):
Note that the only approximation needed to perform this self-consistent KS-PFT calculation, is n A S
[v](r) (besides the approximation to E XC , which is also required in KS-DFT); this scheme is by several orders of magnitude more efficient than a standard KS-DFT calculation, because the KS equations never have to be solved. However, the applicability of KS-PFT crucially depends on the accuracy of n A S [v](r); a major fraction of the total energy is kinetic, such that only tiny errors are allowed. Nevertheless, highly accurate approximations to n A S [v](r) that satisfy this restriction have already been derived for model systems [13, 14] and approximations for more realistic external potentials are in development. [31, 32] 
IV. THOMAS-FERMI THEORY: AN ILLUSTRATION
In this section we show how PFAs work. We use TF theory for this illustration, because its simplicity in treating the electron-electron interaction makes the presentation explicit. First we recall the usual density functional formulation of TF theory for interacting electrons. Then, we formulate its potential functional counterpart and confirm that both approaches yield the same result.
IV.1. Density functional approximation
In the density functional formulation, we need simply an approximation to F [n], which in TF theory, is
which is the sum of the local approximation for the kinetic energy of a noninteracting uniform gas,
and the Hartree energy,
whereṽ
This yields the TF energy functional
To find the minimizing density, we functionally differentiate, yielding an Euler equation for the self-consistent TF density:
The density is taken to vanish whenever the argument on the right is negative, and the chemical potential chosen via normalization:
Lastly, we note that this can always be interpreted in terms of the KS scheme. The TF theory ignores XC contributions, so that
and the density satisfies:
IV.2. Potential functional approximations
We now show how TF theory can be derived as a PFA. Although the final equations are identical, their derivation is very different.
Because interaction effects are less explicit in PFT, we begin with an analysis of the noninteracting case. All PFAs start with the density as a functional of the potential. For plane waves of an extended system with constant potential v, one finds
This then leads to the TF approximation in PFT for noninteracting electrons in v(r):
The same plane waves yield a kinetic energy density in the box:
which produces the TF PFT for T S :
In fact, insertion of Eq. (42) into Eq. (44), eliminating v(r), produces the usual TF DFT. [28] Thus the duality shows that knowledge of the density functionals produces the corresponding potential functionals, and vice versa:
Armed with this pair of approximations, we can either perform a direct evaluation,
or a minimization
and we do not know a priori if these yield the same result. In appendix A we show that for TF theory, in fact, Eq. (46) and (47) are equivalent. Alternatively, we can use our density PFA to construct a kinetic energy functional via Eq. (22) . Applying this leads to:
which is identical to T 
Introducing a coupling constant as in Eq. (10) (with v 0 (r) = 0), we can write
We further take advantage of the fact that the HellmannFeynman theorem is satisfied in TF theory [33] yielding . Thus, from our general proof, we know that iff our density PFA satisfies the symmetry condition in Eq. (15), then direct evaluation yields the same as minimization, so that we can dispense with minimization. In Sec. VI, we prove just that in one-dimension, but the proof is trivial to generalize to three.
From a different perspective, if we did not know T But full TF theory is about interacting particles, and uses the Hartree approximation to treat the interaction. To generate this in PFT, write the interacting density in terms of the KS potential:
and write the Poisson equation in reverse:
where
Together, Eq. (52) and (53) produce the implicit vdependence of v H (r), and so define the TF PFA for the density of interacting electrons. In fact, the equation for the potential is how TF equations are usually solved for atoms. [34] [35] [36] In practice, we solve Eq. (54) as illustrated in Fig. 2 Then we apply our coupling-constant trick, and use as kinetic energy functional the TF analog of Eq. (31), i.e.,
This is almost identical to Eq. (48), with the only difference that v(r) is replaced by v S [v](r), which is determined self-consistently as just decribed. This leads to the following PFA to the universal functional,
which is equivalent to F TF [v] . Again, we can check duality:
Given its symmetry, it does not disturb the symmetry condition, so that direct evaluation remains sufficient, even in the interacting case.
V. ASYMPTOTIC ANALYSIS
In this section we apply the theory of the previous sections to recent suggestions for PFAs. We restrict the following discussion to noninteracting, spinless fermions in a one-dimensional, smooth potential with box boundaries, because for this class of potentials an accurate PFA to the density, has already been derived [13, 14] and is of convenient analytical form. The derivation produced n
, where the first term is a smooth, TF-like piece and the second an oscillating, quantum correction, which are defined as
where we drop the dependency on x to preserve a concise notation. The quantities in Eq. (58) are the Fermi wave vector
the classical phase
where p = 2(ǫ F − v(x ′ )), and the classical time for a particle with energy ǫ F to travel from 0 to
and the abbreviation α = πτ /τ L. Note that all quantities in Eq. (58) are evaluated at the Fermi energy ǫ F .
In Ref. 12 we demonstrated that, for generic external potentials which are sufficiently smooth (such that the basic assumption of the WKB approximation is valid), our coupling-constant method combined with the semiclassical density PFA (derived in Ref. 13 ) yields highly accurate total energies, almost indistinguishable from the exact answer already for any N ≥ 2. In the following we will analyze the accuracy of those PFAs, both in terms of energy and in real space. Then we explain the source of the observed accuracy via an asymptotic analysis in the large-N and the classical continuum limit. [14] Furthermore, we calculate the contributions to the asymptotic correctness coming from distinct regions -the interior and the edge; those are analogs of the surface and bulk of a real solid. In the following we present only the essence of our analysis. We refer the interested reader to the supplemental material [37] for further numerical details.
V.1. Large-N asymptotic expansion of energies
We analyze the asymptotic behavior of the total energy in the large-N limit to assess the accuracy of approximations. We will examine the behavior of two different PFAs, the independent semiclassical approximation (ISA) and the density-driven semiclassical approximation (DSA).
The first consists of two independent semiclassical approximations, one for the density, first derived in Ref. 13 , and another for the kinetic energy density. This derivation requires expanding to a higher order in , and yields an asymptotically correct expansion in the interior, but fails near an edge. This failure was patched to the asymptotically correct solution near the edge in Ref. 13 , in order to produce a uniformly asymptotic approximation. A better patching scheme was developed in Ref. 14.
The second, denoted DSA, was first derived in Ref. 12, using the coupling-constant construction studied here. The advantage is that one needs only the semiclassical formula for the density alone, which is uniformly asymptotic, and so the kinetic energy density derived from it by functional integration via the coupling-constant method should automatically be uniformly asymptotic. An obvious question is its performance relative to the ISA, and especially the behavior of both near the edge of the box.
In Table I , we list total energies for several N values for a generic external potential v(x) = −8 sin 2 πx , 0 ≤ x ≤ 1. The incredibly rapid convergence of the DSA to the exact energy as N grows is readily apparent. We can understand and quantify this as follows: Expanding the total energy in powers of N yields
We characterize the accuracy of an approximation [13] by measuring the deviation from those exact coefficients. We perform this analysis explicitly for the generic external potential, assuming the qualitative features are independent of the specific potential, once it is reasonably smooth. In Fig. 3 , we plot E(N )/N 3 both exactly and for the various approximations. Because of the box boundary conditions, the energies approach those of a flat box as N grows, and in fact, the leading two coefficients are just c 0 = π 2 /6 and c 1 = π 2 /4, respectively. Remarkably, the TF approximation is only AE0, i.e., it errs in the value of c 1 , as it does not recover the flat box results exactly. [13] But the semiclassical corrections greatly improve over TF theory. To analyze them, we define the residual energy, ∆E = E −E flat , where the flat box result is known analytically. Then,
where c ′ 2 = (c 2 − π 2 /12). We find the ISA correctly reproduces c ′ 2 = −4, but makes a small error in c 3 (about 0.25%). Thus this approximation is AE2, as discussed in Ref. 13 , and is almost AE3.
But the new approximation, the DSA, using only the density formula and coupling-constant integration, is at least AE4. It is beyond our numerical accuracy to determine c 5 sufficiently accurately, although it appears that even this coefficient may be exact within the DSA. Thus, by reproducing two more terms in the asymptotic expansion exactly, we get tremendous improvements in accuracy, even at N = 1. This illustrates the potential of the coupling-constant method to generate incredibly accurate approximations.
V.2. Classical continuum limit of energies
An alternative limit in which TF also becomes exact was described in Ref. 14. We define the approach to the classical continuum limit by increasing the number of particles in a system from its original value N to N ′ > N , while simultaneously replacing by γ , where γ = N/N ′ . As N ′ → ∞, the energy differences between discrete eigenvalues becomes infinitesimal and a continuum is formed. The advantage of this limit, as opposed to large N , is that it approaches the TF solution of the original problem with N particles, rather than approaching the N → ∞ problem of the previous section.
Expanding the total energy in powers of γ about 0 yields the expansion
Such an expansion is expected to be asymptotic rather than convergent. We also define E (p) as the sum up to the p-th order of such terms. We find, for N = 1, that while E (2) is more accurate than lower-order truncations, E (3) overshoots. For N > 1, all successive terms up to third-order always improve accuracy.
Under this γ-scaling, the TF approximation is independent of γ. We find both PFAs, the ISA and DSA, reproduce b 1 exactly, but neither yields b 2 . This is not surprising, as these approximations were derived only to yield the leading corrections to TF in this limit. For N = 1, we find that neither approximation yields particularly accurate expansion coefficients and that their absolute errors for the coefficients are comparable. Regardless, these errors in the coefficients do not translate into an inaccurate energy; as we showed in the previous section, the DSA energy is very accurate for N = 1. As N grows, the errors in the coefficients rapidly shrink, but from analyzing the coefficients alone the DSA would appear no more accurate than the ISA. As shown in the previous section, however, the DSA is far more accurate and converges more rapidly than the ISA with increasing N . Therefore the asymptotic expansion in γ is not useful for understanding the improved accuracy of the DSA relative to the ISA.
V.3. Analysis in real space
In density functional approximations, a difficult and vexing issue is the ambiguity of the energy density of an approximate density functional for an energy [23, 24] . For example, one can always add the Laplacian of the density to the energy density of even a local approximation without changing the functional, since that addition integrates to zero as long as the density vanishes on the boundary. This difficulty complicates any point-wise comparison between approximate functionals [38] and has hampered our ability to construct improved approximations, especially local hybrids [23, 39] .
A great advantage of PFT is that such ambiguity does not exist: PFAs approximate a given choice of exact energy density, and so can be compared point-wise. There is no "gauge" ambiguity [25] . In Fig. 4 , we illustrate this for the single particle in the single well of depth 8. The ISA approximates one definition of the kinetic energy density, while the DSA approximates another. But in each case, they can be compared for accuracy point-wise to the respective exact curve. Again we see that the DSA is more accurate everywhere. Its maximum errors are much smaller than those of the ISA, and the average errors are also much smaller.
To check this idea, we have seen above that both semiclassical PFAs show higher-order asymptotic exactness than the TF approximation. We now ask if these improvements are visible in separate spatial regions, not just for quantities integrated over the entire system. In particular, we know that the limit as γ → 0 is different for fixed values of x (interior) than for fixed values of γx, the edge (or surface) region [14] . But the semiclassical density approximation is supposed to be uniformly asymptotic, i.e., have the same degree of AE for each region separately. To test this, we must define a dividing line between the interior and edge. We choose the halfphase point x π/2 , defined by the following condition on the classical phase [13] :
This is our measure to split the box into an interior (L/2 − |L/2 − x| > x π/2 ) and edges (the rest). This condition has already been used for the boundarylayer analysis of the ISA in Ref. 14. As N grows, x π/2 ∼ 1/N ; or as γ → 0, x π/2 ∼ γ. We define a surface kinetic energy as the energy in this region, and analyze the accuracy of our approximations for this quantity.
The energy from distinct regions follows the same expansions as Eq. (63) As N grows, the boundary between the edge and interior -the half-phase point x π/2 -is shifted towards the edge, such that in the limit N → ∞ the edge region vanishes and the interior extends over the entire length of the system. The same is true for the classical continuum limit. Hence, the leading order coefficient of both expansions close to the edge vanishes, i.e., c = 0. Also notice that we need to distinguish between two exact results, when splitting up the energy into contributions from different spatial regions. This is due to the fact that we use two different definitions of the kinetic energy density. The ISA stems from the Laplacian definition, whereas the DSA yields a different definition as illustrated in Fig. 4 . However, the difference of the energy values between those definitions vanishes with increasing N ; therefore we report only exact regional energies using the Laplacian definition, but note that the errors of DSA are calculated with respect to the exact energy density defined by the coupling-constant method for each region. First we consider the total energies of the interior given in the first columns of Tab. II. We plot E int (N )/N 3 in Fig. 5 , illustrating the large-N limit, in which the energy expansion in the interior approaches π 2 /6. This analysis also yields that the ISA correctly reproduces c 0 , c On the other hand, the DSA exactly reproduces the coefficients up to at least c int 4 . Next we consider the edge region, for which the energy contributions and errors of approximations are listed in each second column of Tab. II. As the size of this region vanishes in the limit N → ∞, the leading term in the large-N expansion falls off linearly with N . This is illustrated in Fig. 6 . In analogy to the interior, the ISA correctly yields c and probably also for higher order contributions. The numerical accuracy of our analysis is not high enough to give a definite answer beyond this order.
In conclusion, we could demonstrate that even when we consider energy contributions from separate spatial regions, the ISA is AE2, whereas the DSA is at least AE3. Furthermore this analysis shows that the accuracy achieved by both approximations over the entire system is not due to error cancellations in different spatial regions; it is caused by virtue of both approximations capturing the large-N asymptotic expansion in separate spatial regions sufficiently accurate.
VI. THE IMPORTANCE OF BEING SYMMETRIC
In this section we contrast the direct method of calculating the total energy in PFT given by Eq. (6) to the variational method in Eq. (7) . Determining the total energy variationally as in Eq. (7) is only sensible for calculations that involve approximations. In the exact case the total energy is always minimized by the true external potential of the given problem. We also demonstrate that the particular PFA to the density, n Consequently, when we perform a search over trials potentials, the minimum energy is not given at v ′ (x) = v(x) as predicted by the variational principle.
To illustrate this we consider N noninteracting, spinless fermions in an external, one-body potential v(x) = −8 sin 2 (πx) in a box, where 0 < x < 1. We perform a variational calculation of the total energy, where we evaluate Eq. (7) on an extremely limited class of trial potentials v ′ (x) = v(x) − ∆D sin 2 (2πx). The result is illustrated in Fig. 7 for N = 1 and N = 2. The black curve depicts the exact calculation with the minimum located at ∆D = 0. The blue curve corresponds to the ISA, which might not even have a minimum, because two independent approximations n The red curve is the DSA which, despite being more accurate, also does not minimize at the true external potential, but at ∆D = 1.2 for N = 1 and at ∆D = 1.3 for N = 2. Furthermore, in Tab. III we list total energies given by the exact calculation and absolute errors of several approximations (TF, ISA, and DSA) obtained from the direct evaluation for increasing N . Additionally, we also list the absolute errors of the DSA from the variational calculation along with the effective depth ∆D of the minimizing trial potential. This analysis shows that a minimization over some trial potentials can yield a more accurate result at a trial potential different from the true external potential, but that this is not always the case; for example, the DSA in Fig. 7 for N = 2 yields a more accurate energy at its variational minimum than at ∆D = 0. However, for N = 1 the energy of the DSA at the variational is less accurate. Furthermore, as N increases the error of the DSA decreases quickly, and its variational minimum coincides with the true external potential as is demonstrated by the variational results in Tab. III. Consequently, for large N a variational minimization of the DSA becomes obsolete, since the minimum will be given at the external potential of the given problem. Furthermore, to find the true global minimum (not guaranteed to exist for a semiclassical expansion, as DSA is), one needs to search over all trial potentials, not just simple multiples of the external potential, which could be achieved via a set of self-consistent equations.
From the previous sections, we know that DSA's failure to minimize at the correct potential must be because it violates the symmetry condition
The specific PFA n
, consists of a smooth (n sm S ) and an oscillating (n osc S ) piece. [13] To first order in δv(x) the Fermi energy ǫ F changes as
the smooth piece of the density yields
and the oscillating piece gives
where η(x − x ′ ) denotes the Heaviside step function, β = τ /τ L, ξ = −(dτ /dǫ)| ǫ=ǫF , and ξ L = −(dτ L/dǫ)| ǫ=ǫF . As expected, the functional derivative of the smooth, TF-like piece is symmetric under exchange of x and x ′ . However, the functional derivative of the oscillating piece, is not symmetric. This is the reason, why the red curve in Fig. 7 does not minimize at v(x).
The fall-out of this analysis is an explicit PFA to the static density-density response function
for noninteracting, spinless fermions in an external potential v(x) confined by box boundaries, which is an interesting result in itself. As an example we consider one particle in v(x) = −5 sin 2 πx. Introducing average and relatives coordinates, i.e., R = (x + x ′ )/2 and u = x ′ − x, we plot Eq. (75) in Fig. 8 ; this explicitly demonstrates that Eq. (75) is not symmetric under exchange of coordinates. Additionally, in Fig. 9 we illustrate the symmetric and antisymmetric contributions to the change in density δn
, which approaches a Dirac delta function centered at x 0 in the limit σ → 0. 
VII. CONCLUSION
In this work, we have established several formal properties of the potential functionals introduced in Ref. 12 , especially in terms of their duality to density functionals. [10] We have also shown that the methodology of Ref. 12 can be employed to produce more accurate potential functionals than any that had previously existed. This higher accuracy can be attributed to the "unreasonable utility of asymptotic expansions", [20, 21] because the new coupling-constant procedure considerably improves the accuracy of the asymptotic expansion in powers of 1/N , where N is the particle number.
Of course, the major drawback of this line of investigation remains: Only in one dimension, and then only for smooth potentials confined by box boundaries, do we have explicit expressions that are uniformly more accurate than TF theory, at the present time. The thrust of the present investigation is to show how promising such approximations are, and to dangle the hope of tremendous improvement over present day density functional approximations, especially for orbital-free calculations. 
Take the functional derivative in Eq. (A1) using the chain rule, e.g.,
considering that
where δ(r ′ −r) denotes the Dirac delta function, and keeping the chemical potential µ fixed, since it is determined at the end of the minimization by requiring normalization. Then, we find that v ′ (r) = v(r), as expected.
Appendix B: Walls at infinity
The DSA can be applied to potentials, for which v(x) → 0 as |x| → ∞, and where v 0 = 0 is chosen as a reference potential. However, for this choice the coupling-constant integral in Eqs. (12) and (22) might be undefined, because the particle number may change abruptly with the coupling constant. To assure the existence of the coupling-constant integral, we use the formal device of introducing hard walls and taking the limit of infinite separation at the end of the calculation.
We demonstrate this procedure for a simple case. Consider v(x) to be a finite square well. Assume the depth of the square well is such that there are two bound states. When the coupling-constant integral is performed the depth of the well changes from its initial value at λ = 1 to zero at λ = 0. As the depth decreases, there is a point where the energy of the second bound state passes through zero and vanishes. For values smaller than this critical value of λ the integrand of the coupling-constant integral is not defined and therefore cannot be applied. To cure this problem we introduce hard walls separated by a distance L as a reference potential. Thus, all levels in the well stay bound and the integrand is defined for the entire range λ ∈ [0, 1]. By taking the limit L → ∞ the coupling-constant calculation converges to the case where only the original potential v(x) is present. We demonstrate this explicitly by calculating the quantity
for the second bound state and a well-depth of 40. This is the λ-dependent integrand of Eq. (11) with E 0 (L) = 4 π 2 /(2L 2 ) denoting the reference energy of the second bound state in an infinite square well; integrating e(λ) over the coupling constant yields the orbital energy of the second bound state. We plot e(λ) for increasing L in Fig. 10 : the critical value of λ, below which the second level vanishes, is indicated by the knee-like feature at λ ≈ 0.5. The calculation in the simulation box converges to the exact result of the finite square well in a continuous manner as the separation between the walls is made larger. This demonstrates how, in principle, the DSA can be applied for potentials that vanish at infinity, but also shows that the coupling-constant dependence may become quite strong.
Appendix C: Definition of a ffunctional
Here we explain the meaning of the term ffunctional, which first appears as F To understand this concept consider the cartoon in Fig. 11 and the following example: Assume a particu-
